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Depth-averaged (DA) numerical models are often used to simulate the runout of flow-type landslides because of
their practicality and computational efficiency. However, existing DA models generally overlook the effects of
deposition, which governs the decay of the flow momentum and the runout distance. In this study, a new
approach is proposed to model the effects of deposition. The flow-normal accelerations that drive the deposition
process are simulated using a high-fidelity two-dimensional (2D) Smoothed Particle Hydrodynamics (SPH)
model. Based on the 2D non-DA SPH results, a deposition model that considers the initial aspect ratio (i.e., height
to length) of the debris and slope angle is developed and implemented into the DA context to provide a practical
tool for engineering simulations. The new DA SPH model is evaluated against experimental results in the
literature. By considering the effects of deposition, predictions of the runout and flow duration are improved by
up to 38%. The new DA SPH model works particularly well for runout predictions of large initial aspect ratios of
the debris, which has traditionally been the limitation of DA models. The new framework can be used to advance
towards realistic deposition and entrainment modelling to improve the delineation of flow-type landslides in
mountainous regions.

1. Introduction
Numerical models are often used to conduct vulnerability assess
ments to determine how far a flow-type landslide (Hungr et al. 2014),
such as granular flows, will travel (Ng et al. 2013) and how much debris
will be deposited (Crosta et al. 2009, Edwards and Gray 2015). The
momentum and runout of the flows are strongly influenced by the
effective flow depth, which is the depth of material over-riding the
deposited material. To improve the accuracy of the predictions of the
runout and deposited volume, there is a need to reveal the physical basis
of the deposition process and model it in a practical and scalable
framework for engineering problems.
Deposition occurs when the shear stresses at the boundaries and
inside the flow decelerate the debris material, which causes it to come to
rest (Crosta et al. 2017, Viroulet et al. 2017). Generally, the deposition
process propagates upwards from the channel bed, meaning that there is
an interface between the flow and deposited material (i.e., called F/D
interface herein) (Zhang and Campbell 1992, Iverson 1997). Capturing
the spatial and temporal evolution of the F/D interface is central to
modelling the correct physics that govern the deposition process (Doyle

et al. 2007, Lube et al. 2007) and predicting its subsequent events like
formation of debris dams (Choi et al. 2018).
Experimental evidence shows that the deposition rate, which is the
rate of increase of the depth of the deposited region, can be quantified
based on the migration of the F/D interface towards the free surface
(Doyle et al. 2007, Lube et al. 2007). Previous studies on the deposi
tional process of flow-type landslides have mainly focused on the
morphology and composition of the deposits, including the formation of
lateral levees (Iverson 1997, Ghilardi et al. 2001, De Haas et al. 2015,
Calvello et al. 2017, Zhou et al. 2019, Baselt et al. 2021). However, less
attention has been paid to the investigation of the spatial and temporal
variation of the F/D interface as deposition occurs on a slope, which is
central to modelling the decay of momentum and improved predictions
of the runout and deposited volume.
Practical numerical tools for vulnerability assessments are generally
based on depth-averaged (DA) frameworks (Savage and Hutter 1989)
because DA models are easy to calibrate and, computationally efficient
for field scale simulations (McDougall and Hungr 2004, Pastor et al.
2014, Goodwin and Choi 2022, Su et al. 2022). Over recent years, nonDA models in 2D or 3D have emerged and been used to carry out
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numerical back analysis to shed light on the complex dynamics of
granular flows (He et al. 2018, Koo et al. 2018, Rauter et al. 2020, Yang
et al. 2020). These non-DA models consider the flow-normal accelera
tions in the flow body and the mass exchange at the F/D interface. Im
provements in numerical methods has enabled the underlying physics of
erosion and deposition to be simulated (Crosta et al. 2009). 2D or 3D
models are more computationally expensive compared to DA models
because they require the full-form of the governing equations of the flow
to be solved (Ng et al. 2019, Zhou et al. 2019, Yang et al. 2020, Zhou
et al. 2020, Bui and Nguyen 2021). Notwithstanding, recent advance
ments in high performance computing has made substantial progression
towards efficient 3D simulations with conventional desktop computers
(Peng et al. 2019, Yang et al. 2020, Peng et al. 2022). Evidently, DA
models remain favorable for practical engineering problems. However,
these models have been reported to overestimate the timescales for the
downslope transportation of flow-type landslides by up to two times
(Mangeney et al. 2005, Lube et al. 2011). Moreover, it has been reported
that DA models fail to replicate the runout measured from experiments
of simple collapse of granular material with large initial aspect ratios, a
(i.e., height to length of the column) without the use of unrealistically
high friction coefficients (Mangeney et al. 2005, Larrieu et al. 2006,
Doyle et al. 2007). The aforementioned limitations of DA models mainly
stem from ignoring the accelerations in the flow-normal direction.
Consequently, the effects of the evolution of the F/D interface is not
explicitly modelled (Edwards and Gray 2015, Edwards et al. 2017,
Edwards et al. 2021). In fact, in DA models, deposition is generally
assumed to be the inverse of erosion and empirical deposition rates are
prescribed into the governing equations of the flow as a source term
(Iverson 2012, Pudasaini and Fischer 2020). Empirical deposition rates
have limited generalizability and may only be relevant for a specific
catchment or event. As an alternative to conventional DA models, multilayer DA models have also been proposed to replicate the changes in the
flow-normal velocity profiles (Sarno et al. 2014, Fernández-Nieto et al.
2018). In the simplest type of these multi-layer models, the flow and
deposited regions of the debris are modeled using two different layers
with different constitutive relations and a closure equation accounting
for the mass flux at their interface. However, the multi-layer models
require user-defined closure equations and do not consider the physical
effects of evolution of the F/D interface that is observed during the
deposition process.
In the DA context, the flow is assumed to have come to rest when the
entire block of the granular mass in flow-normal direction is completely
stationary (like the stop-and-go mechanism proposed by (Medina et al.
2008)). However, in reality, deposition is a transient process and the
granular mass can have simultaneous stationary and flowing regions
along the flow path (as will be shown in Section 4.2.1). Therefore, to
model the final volume of the flow and its propagation extent properly,
the conventional assumptions of DA models should be relaxed and the
transient process of deposition should be considered.
In this study, a high-fidelity 2D non-DA Smoothed Particle Hydro
dynamics (SPH) method is used to systematically investigate the spatial
and temporal variation of the F/D interface of a granular collapse on a
slope. Based on the computed results, a deposition model is developed,
implemented, and evaluated in the DA framework.
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where vx and vy are components of the velocity vector in flow (x) and
flow-normal (y) directions, respectively. σx and σ y are the components of
total stress tensor σ = − pI +τ in x and y directions, respectively.p is the
isotropic pressure, and I is the unit tensor. τyx and τxy are components of
the shear stress tensor τ in the xy plane. The density of the equivalent
continuum is ρ and g is the gravitational acceleration. Well-stablished
constitutive laws such as the viscoplastic and elastoplastic models can
reproduce the solid and fluid-like behavior of dense granular flows with
reasonable accuracy (Crosta et al. 2009, Ionescu et al. 2015). The 2D
non-DA SPH solver in this study adopts a viscoplastic rheological model
μ(I) (Jop et al. 2006), which is given as follows:

τ
p

= μ(I)

γ̇
,
|γ̇|

(4)

where γ̇ is the strain rate tensor. The effective friction coefficient μ(I) can
be stated as follows:

μ(I) = μs +

μ 2 − μs
.
I0 /I + 1

(5)

√̅̅̅̅̅̅̅̅̅
where I = |γ̇|d/ p/ρs is the inertial number, I0 is a dimensionless
parameter for granular material, which depends on its properties, |γ̇| is
the second invariant of the strain rate tensor, and d and ρs are the
diameter and density of the solid particles, respectively. To model the
yielding of the equivalent continuum, a Drucker-Prager failure criterion
is used (Drucker and Prager 1952).
The full-form of governing equations (1) to (3) are solved using an
Incompressible Smoothed Particle Hydrodynamics (ISPH) method
(Nikooei and Manzari 2020, Nikooei and Manzari 2021). This ISPH
method is based on the work done by (Hosseini et al. 2007) and benefits
from a computationally efficient wall boundary condition (Fatehi and
Manzari 2012, Mamouri et al. 2015). Details of the discretization of the
governing equations are discussed in (Nikooei and Manzari 2020,
Nikooei and Manzari 2021).
Governing equations (1) to (3) are averaged in the flow-normal di
rection y and manipulated by adopting the kinematic boundary condi
tion in the base of flow (McDougall 2006). Therefore, the onedimensional DA equations for mass and momentum conservation are
derived as follows:

∂h ∂(uh)
+
= SD ,
∂t
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and
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.
+
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where u is the DA velocity of the flow in direction of motion, which
derivation will be discussed in Section 2.2. g = 9.81m/s2 , h is the
effective depth of flowing mass, θ is the slope angle, and SD is the source
term to incorporate the deposition rate (to be discussed below). A fric
tional rheology is adopted for the basal friction term (i.e., τB =
sgn(u)ξtanϕB ), where ξ = ρghcosθ is the normal stress acting at the base
of flowing mass. The basal angle of friction ϕB is the only parameter that
provides resistance to the flow. A cohesionless granular material is
assumed. The parameter k is the earth pressure coefficient (Hutter et al.
1993), which is defined as follows:
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ }
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(8)
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2. Smoothed Particle Hydrodynamics (SPH)
2.1. Governing equations
Considering the granular mass as an equivalent incompressible
continuum, the general conservation equations of mass and momentum
are given as follows:
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Fig. 1. Schematic of a control volume CV of a 1D flowing mass with velocity u over rigid bed and deposited mass with basal friction τB . Deposition occurs with the
rate of SD due to the resistance stress τS . The change in the depth of the deposited mass in a time step is ΔhD .
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shear stress τB = ρghcosθtanϕI on the deposited mass during deposition.
Therefore, the change in momentum (uSD ) of the deposited mass with
depth ΔhD can be expressed using Newton’s second law of motion as
follows:

(9)

where ϕI is the internal angle of friction of the granular material.
Eqns. (6) and (7) can be rearranged as follows:
dh
∂u
+ h = SD ,
dt
∂x

uSD =

du
∂h τB
= hgsinθ − khgcosθ −
− uSD .
dt
∂x ρ

(12)

Although one may try to derive the deposition rate SD from Eq. (12),
this equation is not intended to calculate SD , but instead calculates the
change in the momentum uSD due to the increment in the depth of
deposited layer (i.e., ΔhD = SD Δt). The calculation of the SD will be
discussed in the Section 2.2. By substituting Eq. (12) into Eq. (11), the
effect of deposition in decreasing the momentum of flow can be
recreated.
Although, a simple frictional basal rheology has been widely used in
the practical DA analyses such as flowing over complex basal topogra
phies (Gray et al. 1999, Ionescu 2013) and also interaction with obsta
cles (Cui et al. 2007, Cui and Gray 2013), its benefit in this study is that it
offers a simplified relation to describe the change in momentum (Eq.
(12)). More importantly, a frictional resistance model does not include
high-order viscous terms, which helps to simplify the problem with less
input parameters compared to rate-dependent rheological models (e.g.,
μ(I) rheology (Gray and Edwards 2014)). In addition, the evolution of
the F/D interface and deposition process are related to the gradient in
the flow-normal direction of the velocity at the interface. The DA model
is not able to recover the time and space variation of the velocity profile.
Therefore, it can be inferred that the complexity of the basal rheology
has a negligible effect on the evolution of the F/D interface and depo
sition process in flow-normal direction.

(10)

and
h

τS − τB
= g(ΔhD )tanϕI .
ρ

(11)

where the material derivative d/dt = ∂/∂t +u∂/∂x calculates the tem
poral and spatial variations in the depth and velocity of the flowing
mass. During deposition, a continuous mass loss (SD < 0) from the
flowing mass to the deposited region takes place. The mass loss is caused
by the shear resistance exerted by the deposited mass. The term − uSD on
the right-hand side (RHS) of Eq. (11) states that the deposition increases
the momentum of the flowing mass. However, for mass flows, deposition
occurs during deceleration (to be discussed in Section 4.2.2), which has
an arresting effect on it. The source term − uSD in the momentum
expression stems from the mass exchange between the overlying flow
and the underlying deposits. To reproduce the arresting/boosting roles
of deposition/erosion on dynamics of flow in a DA framework, a phys
ical interpretation of the deposition and erosion rates and their associ
ated momentum change is needed.
Fig. 1 shows a schematic of basal shear stresses applied on a control
volume CV of a one-dimensional flowing mass moves over a rigid bed
and a deposited mass. The depth of deposited mass is denoted by hD .
When the granular mass flows over a rigid bed, the basal shear stress
is expressed as τB = ρghcosθtanϕB . Where ϕB is the friction angle be
tween flow particles at the base of flow and a rigid bed (Choi and
Goodwin 2021). For a given computational time step Δt, deposition
occurs due to the effect of the resistance caused by the internal shear
stress (i.e., τS = ρgtanϕI (h + ΔhD )). Consequently, the part of the flow
ing mass, with depth ΔhD (i.e., the shaded region), will decelerate from
velocity u to rest on the deposited layer. ϕI is the internal friction angle,
which differs from the basal friction angle ϕB , due to the different
composition, strength and interaction forces of materials in bulk of flow
and near the bed (Hungr 1995). The overlying flow mass induces a basal

2.2. Deposition rate and F/D interface
In the DA context, hu is the momentum flux of the flow and is called
DA momentum herein. The time derivative of the DA momentum, can be
rewritten using partial derivatives as follows:
d(hu)
du
dh
= h +u
dt
dt
dt

(13)

The inertial term hdu/dt on the RHS of Eq. (13) includes the temporal
variations in the DA velocity u (i.e., acceleration). The term udh/dt on
the RHS includes the temporal variation in the depth of the flowing mass
h (i.e., deposition rate). Here it is assumed that the term udh/dt is a ratio
3
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Fig. 2. Schematic diagram showing a granular mass with flow and deposited regions as well as the F/D interface. The monitoring section with width of WM is used in
the 2D non-DA SPH model to calculate the depth-averaged parameters h and u. The deposited SPH particles located within the shaded region (e.g. particle j) are used
to detect SPH particle i on the F/D interface.

of the time derivative of the DA momentum d(hu)/dt. Therefore, the
deposition rate can be simplified as follows:
SD =

dh α d(hu)
=
.
dt u dt

with width of WM, and vx is the velocity of SPH particles in direction of
the slope. WM is set to be two times the initial distance between SPH
particles (i.e., 0.004 m). The sensitivity of the results to the value of WM
is discussed in the Appendix.
To calculate the deposition rate, information on the spatial and
temporal location of the F/D interface is needed. The particle-based
nature of the SPH method enables the dynamics of the F/D interface
to be computed. The SPH particles of the flow and deposition regions as
well as the particles at the interface is shown on the inset.
The F/D interface is not a physical boundary and has a zone of
transition, which can be observed in the velocity profile of the granular
mass where the velocity exponentially decays from non-zero values in
flowing region to zero values in deposited region (Forterre and Pouli
quen 2008, Mangeney et al. 2010, Farin et al. 2014). To identify these
two regions and find the location of the F/D interface for calculation of
the deposition rate, a critical value for the velocity can be used (Man
geney et al. 2007, Farin et al. 2014). Experimental observations report
that at velocities lower than the critical value, the frictional stresses
between particles increase and come to rest (Lube et al. 2007). This
critical value can be justified using image analysis and calculating the
intensity difference between two consecutive images from the transition
zone. Different particle characteristic (e.g. diameter) can change the
critical velocity and eventually the position of the F/D interface
(Lajeunesse et al. 2005). In this paper, a critical value of 0.1 m/s is
adopted based on the experimental data (Lube et al. 2007) used to
evaluate the computed results. This critical velocity determines whether
the SPH particles are part of the flow or deposition.
A F/D particle at the interface denoted as i is identified using the
divergence of the position vector ∇⋅r as follows:

(14)

where 0⩽α⩽1 is a parameter that governs the deposition process (to
be discussed below in Section 4.2.2). This kind of treatment was also
adopted by (Rauter and Köhler 2020). For small values of α (i.e., close to
zero) the inertial term hdu/dt in Eq. (13) governs the change in DA
momentum and for large values of α (i.e., close to one), the change in
momentum is mainly caused by the reduction in depth of flowing mass
during deposition (i.e., dh/dt). In addition, the effect of changes in ve
locity on the flow depth is considered by the material derivative
d(uh)/dt.
To analyse the deposition process of a granular mass and obtain a DA
version of the deposition rate, the 2D non-DA SPH model is used
(Nikooei and Manzari 2020, Nikooei and Manzari 2021). Fig. 2 shows a
typical granular mass with a F/D interface in continuum scale. The total
depth of the flow hT = h + hD is the summation of the effective depth of
flowing mass and the depth of deposited mass. The final runout of the
flow is x∞ . It is assumed that during deposition the flow is shallow (i.e.,
hT /x∞ << 1) and variations in the total depth of the flow is small so that
the deposition rate can be defined as SD = − dhD /dt = dh/dt. In Section
4.2.1, it will be shown that during deposition, the total depth of granular
mass is nearly constant and the assumption of SD = − dhD /dt = dh/dt is
proven to be a reasonable one.
In Fig. 2, the initial aspect ratio of the granular column is defined as
a = H0 /L0 . Decay and growth of flow momentum during the deposition
and erosion, respectively, depend on the location and displacement of
the granular particles along the flow path (McDougall and Hungr 2005).
Analysing the internal dynamics of a flow using monitoring sections in
specified locations (i.e. Eulerian approach) enables location-based
deposition and erosion models to be obtained. So, in this paper, the
monitoring sections at specified locations are intended to capture the
spatial and temporal changes of the F/D interface and calculate the
deposition rate of the flow material.
In the 2D non-DA SPH model, the depth-averaged velocity at a
specified monitoring section is given as follows:
∑NM
(vx )m
u = m=1
,
(15)
NM

(∇⋅r)i =

ND
∑
(

/ )
mj ρj rij ∇Wij .

(16)

j=1

where ND is the number of deposited particles surrounding an arbitrary
particle i (e.g., particle j is within shaded region). mj /ρj is the ratio be
tween the mass and density of neighboring particles. The distance vector
between particles i and j is denoted as rij . Wij refers to the kernel function
and has a non-zero value for particles that are within the supporting
domain of the particle i. In 2D non-DA SPH model, the supporting
domain is a circular region with a radius equivalent to smoothing length
around SPH particle i. More details about the kernel function and
smoothing length of 2D SPH is available in (Monaghan 1992).

where NM is the number of SPH particles crossing the monitoring section
4
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N
∑
∂h
Vj (B1 )i ∇WijDA .
(xi ) =
∂x
j=1

(21)

where
[
(B1 )i = −

Fig. 3. Schematic of a one-dimensional DA SPH method. The collapse of
granular mass occurs at x = 0 and the depth of flow extends from xL to the front
location xR .

j=1

YF − YF/D
YF/D − YBed
, hD =
.
cosθ
cosθ

∇WijDA =

(17)

j=1

( )
)
(
A xj
∇W xi − xj , LS .
hj

N
∑

Vj WijDA ,

(24)

(25)

where B is a constant that governs the number of neighboring particles.
NT is the total number of SPH particles in the computational domain. In
⃒/
⃒
this paper, B = 50 and the kernel value diminishes when⃒xi − xj ⃒ LS ⩾2.
For larger values of B, smoothing will be carried out using an unrealistic
large value of neighboring particles and the accuracy will decrease.
Smaller values of B will result in less accurate interpolation and cause
computational instability in the front of flow, where the velocity has its
largest value and the SPH particles move away from each other.
2.4. Time integration scheme
The discretized form of governing equations (10) and (11) in SPH are
written as follows:
(( )n
)
∂u
hn+1
= hni − hni
+ (SD )ni Δt,
(26)
i
∂x i
and.
an+1
= gsinθ − kgcosθ
i

)n+1
( )n+1 ( )
(
∂h
τB n+1
uSD
+
−
.
∂x i
ρh i
h i

(27)

where a = du/dt is the acceleration. The flux term ∂u/∂x on the RHS of
Eq. (26) is calculated by using an alternative symmetrized form of Eq.
(19) (Randles and Libersky 1996):

(19)

where LS is the smoothing length in DA SPH in which the kernel function
)
(
WijDA = W xi − xj , LS has a non-zero value. N is the total number of SPH
particles in supporting domain of particle i. The depth of the flowing
mass h(xi ) and its gradient ∇h(xi ) for any specific particle i can be
approximated by considering A(x) = h as follows:
h(xi ) =

) (
(
)
2 xi − xj − (xi − xj )2 /L2
S .
√̅̅̅ e
3
LS π

i=1 Vi

To study the effects of deposition in the DA context, a depthaveraged and one-dimensional SPH code (hereafter called as DA SPH)
is developed. Fig. 3 shows the SPH particles along a horizontal line
considered as part of the computational domain in the DA SPH model. In
the 2D non-DA SPH model, however, the SPH particles in computational
domain are considered in plane (Fig. 2). After the collapse of the initial
mass at x = 0, the free surface of the collapsed mass forms between
locations xL and xR . At x⩽xL the flow depth is h = H0 , xR is the front of
the flow and the flow depth is h = 0 for x⩾xR .
The values of depth and volume (V) are assigned to each SPH par
ticle. The approximation of any variable A(xi ) and its gradient ∇A(xi ) for
particle i can be obtained as follows:
( )
N
∑
)
(
A xj
(18)
A(xi ) =
Vj
W xi − xj , LS .
h
j
j=1
Vj

(22)

.

BNT
LS = ∑NT hi

2.3. Depth-averaged SPH model

N
∑

1

Because of the large deformations in the SPH particle sets, the
smoothing length will be updated at each time step Δt to consider an
approximately constant number of neighboring particles to ensure a
smooth interpolation. As such, a variable smoothing length is adopted
(Monaghan 1985):

where YF , YF/D , and YBed are the vertical locations of the free surface, F/
D particles, and the base of granular mass, respectively, following a
coordinate system where X is the horizontal direction and Y is the ver
tical direction.

∇A(xi ) =

hj

]−
WijDA

(B1 )i is the renormalization factor that improves the interpolation
near the initial and final boundaries of the computational domain where
there is a deficiency of neighboring particles in the supporting domain of
particle i. It has been shown that the Gaussian kernel function (Gingold
and Monaghan 1977) offers improved computational accuracy (Hon
gbin and Xin 2005), enhanced stability (Morris 1996), and lower
computational cost (Colagrossi 2005) among the different types of
kernel functions in the literature. Therefore, the adopted Gaussian
kernel function and its gradient are defined as:
(
)
2
2
1
WijDA = √̅̅̅e− (xi − xj ) /LS ,
(23)
LS π

(Lee et al. 2008) proposed Eq. (16), which is used to track the free
surface particles in the SPH method. Similarly, this equation can be
adopted to identify the F/D interface particles. The supporting domain
of the SPH particles that fall entirely within the deposited region con
tains only the deposited SPH particles (i.e., full kernel support). Thus, ∇⋅
r is approximately equal to two. For the particles that are on the F/D
interface, there is a deficiency of neighboring deposited particles at their
supporting domain (shaded region in inset) and the value of ∇⋅r de
creases from two. Thus, a threshold value for ∇⋅r can be used to detect
particles of the F/D interface. In this study, a threshold value of 1.6 was
selected to detect the particles at the F/D interface. Threshold values
that are larger and smaller than 1.6 will result in the detection of an
interface that has more than a single layer of particles or no F/D inter
face layer will be detected, respectively.
After the F/D interface particles are detected, the effective depth of
the flowing mass and depth of deposited mass can be calculated as fol
lows:
h=

N
∑
Vj

N
(
)
∂u ∑
Vj uj − ui (B2 )i ∇WijDA ,
=
∂x j=1

[

N
∑

(B2 )i = −

(
)
Vj xj − xi ∇WijDA

(28)
]−

1

.

(29)

j=1

(20)

where (B2 )i is the renormalization factor. In the present DA SPH solver,
the smoothing length is updated using Eq. (25) at each time step. Based

j=1
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Fig. 4. Algorithm of the DA SPH model.

}
{
LS
√̅̅̅̅̅̅ .
Δt = CFL × min
max(|ui |, ghi )

Table 1
Simulation cases for studying the effects of the initial aspect ratio a and incli
nation angle θ on deposition. The initial length of granular column is L0 =
0.2 m.
Case ID

θ

H0 (m)

a

T10-A35
T16-A35
T22-A35
T16-A50
T22-A50
T10-A70
T22-A70

10o
16o
22o
16o
22◦
10◦
22o

0.07

0.35

0.1

0.5

0.14

0.7

Case ID

θ

H0 (m)

a

T10-A100
T16-A100
T22-A100
T10-A120
T16-A120
T22-A120
T22-A150

10◦
16◦
22◦
10◦
16◦
22◦
22◦

0.2

1

0.24

1.2

0.3

1.5

Here, the Courant–Friedrichs–Lewy (CFL) coefficient has a value of
0 < CFL ⩽1 to stabilize the numerical simulation. To avoid tensile
instability, which causes the SPH particles to cluster, the XSPH method
is used (Monaghan 2000). In the XSPH, the velocity of SPH particles (Eq.
(30)) is corrected by the following expression:
]
[
N
∑
( n+1 )
) DA
2Vj (
n+1
(
)
ui Corrected = ui + δ
(33)
uj − ui Wij .
hi + hj
j=1
By adopting δ = 0.05, a smooth approximation the of velocity and
depth of flowing mass are obtained.

on the information from the previous time step and an approximation of
the convection term (Eq. (28)), the effective depth of flow in the updated
time step n + 1 is calculated by using Eq. (26). This updated value of
depth of the flowing mass is used to calculate the pressure term ∂h/∂x
and the normal and basal stresses. The deposition rate in Eqns. (26) and
(27) is obtained using Eq. (14). The 2D non-DA SPH simulations are not
performed in parallel with the DA model, but are performed to find the
generalized relation for the parameter α in Eq. (14) (details are discussed
in Section 4.2.2). After the calculation of the acceleration in time step n
+ 1, the velocity and position of DA SPH particles are updated using the
second-order Runge–Kutta method:
un+1
= uni +
i

)
Δt ( n+1
a + ani ,
2 i

(30)

)
Δt ( n+1
u + uni .
2 i

(31)

3. Model setup and parameters
The collapse of a granular column on an inclined plane is considered
a fundamental benchmark for the evaluation of numerical models
because it encapsulates the dynamics of granular flows during the
initiation, propagation and deposition (Mangeney et al. 2010, Lube et al.
2011, Farin et al. 2014). To simplify the simulation conditions, the
initial length of granular column is kept constant as 0.2 m and only the
initial height is varied to obtain different initial aspect ratios. Deposition
occurs when the slope angle is smaller than the friction angle
(θ < 25.5o ), so three different values of θ = 10o , 16o and 22o are simu
lated. A summary of the simulation plan is given in Table 1. In the case
ID T10_A35, 10 indicates the slope and the 35 refers to the initial aspect
ratio a.
For each simulation case, a total of eleven monitoring sections are
located at equal distances apart. The location of each section is selected
based on the computed final runout distance x∞ , which is defined in
Fig. 2. The first and last monitoring sections are located at x = L0 and
x = x∞ , respectively. The normalized location of monitoring sections (i.

and.
xn+1
= xni +
i

(32)

A summary of the algorithm of the DA SPH method is shown in Fig. 4.
A variable time step method is used:
6
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in their experiments are given in Table 2.
The bulk density of the Quartz sand was not reported in (Lube et al.
2007), therefore, it is calculated by assuming a volume fraction of 0.55
and the reported particle density as followsρ = 2600 × 0.55 =
1430 kg/m3 , which is a reasonable estimation based on comparison
with similar data (Yan and Wen 2020). The values of μs = tan(ϕI ), μs ≃
0.73 and I0 = 0.279 are selected (Ionescu et al. 2015). The values of the
particle diameter, density, and friction angle that are used for the
rheological model (Eq. (4)) in the 2D non-DA SPH simulations is sum
marized in Table 2.

Table 2
Properties of the granular materials used in exeperiments (Lube et al. 2007,
Mangeney et al. 2010) adopted for verification of the present 2D non-DA SPH
model.
Material
type

Glass
beads
Quartz
sands

Bulk
density

(kg/m3)

Volume
fraction of
granular
particles

ρ

Friction
angle
ϕI

0.7

2500

0.62

1550

25.5o

1.5

2600

0.55

1430

31o

Particle
diameter
d (mm)

Particle
density

ρs

(kg/
m3)

4. Interpretation of results and discussion
4.1. Verification of the non-DA numerical results
To evaluate the 2D non-DA SPH model, a comparison between
measured and computed results are shown in Fig. 5 and Fig. 6. The
computed free surface profile of flow over an inclined plane is compared
with measured data reported by (Farin et al. 2014) in Fig. 5.
The granular mass with the initial aspect ratio 0.7 collapses over an
inclined rigid plane with θ = 22o . The computed free surfaces of the
flow using 2D non-DA SPH at different times are compared with the
observed one in the experiments. The numerical results are generally in
good agreement with the experiments. However, at t = 0.78 s, the nu
merical solver slightly underestimates the runout. The discrepancy may
be caused by an insufficient number of SPH particles at the front of the
flow and can be addressed by increasing the number of SPH particles. In
addition, experiments generally exhibit scattered granular particles at
the front of the deposit, which may cause discrepancies when identifying
the extent of the runout (Dufresne 2012). Furthermore, in the numerical
modeling of dense granular flows using continuum approaches like the
SPH, the no-slip boundary condition cannot easily replicate the behavior
of the flow close to rigid boundaries (Savage and Dai 1993, Artoni and
Santomaso 2014). Therefore, the present SPH solver is implemented
with a slip velocity, which can predict the propagation of the granular
mass with more accuracy (Nikooei and Manzari 2020). This slip velocity
is calculated based on the stress field inside the granular mass and is
applied to SPH particles close to the rigid boundaries. Without applying
the slip velocity to the SPH particles, the runout of flow will be under
estimated even at the early stages of flow (Cremonesi et al. 2017).
Fig. 6 shows a comparison of the computed profile of the F/D
interface with the measured data reported by (Doyle et al. 2007). The
evolution of the F/D interface during the collapse of a Quartz sand with
an initial aspect ratio of a = 7 on a horizontal plane is shown.
The profiles of the F/D interface are computed using the method
described in Section 2.2. The results are shown for five different times
starting from 0.416 s. A comparison of the results show that the cali
brated 2D non-DA SPH model can be used for analysing the spatial and
temporal variation of the F/D interface during the motion of the gran
ular mass. The granular mass beneath the F/D interface at t = 0.416 s is
an undisturbed mass that remains static during the collapse. The profile
of F/D interface at t = 7.904 s shows the final deposited profile of the
granular mass. During the collapse, the F/D interface moves towards the
free surface and eventually causes the granular mass to come to rest.
Some discrepancies between the computed and measured profiles of the
F/D interface can be seen. These discrepancies may have been caused by
the simplifications made in numerical simulations, such as adopting a
constant friction angle. The difference in the computed and measured
profiles at t = 7.904 s refers to the overestimation of the runout due to
the slip velocity that is adopted.

Fig. 5. Comparison of measured (Farin et al. 2014) and computed (2D non-DA
SPH) free surface for a column collapse on a slope (test case T22-A70).

Fig. 6. Comparison of measured (Lube et al. 2007) and computed (2D non-DA
SPH) F/D interfaces of granular material collapsing on a horizontal plane.

e., [xM ] = (xM − L0 )/(x∞ − L0 )) is used in the interpretation of the re
sults. At each monitoring section, the location of the F/D interface
particles and the depth of deposited mass are calculated using the 2D
non-DA SPH method discussed in Section 2.2.
The experimental data obtained by (Farin et al. 2014) and (Lube
et al. 2007) are used to evaluate the simulation results of granular flow
over inclined planes and the presented method for the computing the F/
D interface, respectively. The properties of the granular materials used

4.2. Extraction of data from 2D non-DA SPH model for DA model
4.2.1. Evolution of the F/D interface
In this section, the computed results from the 2D non-DA SPH model
7
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Fig. 7. Temporal evolution of the profiles of the F/D interface (dashed line) for the cases a) T10-A35, b) T10-A120, c) T16-A35, d) T16-A120 e) T22-A35, and f) T22A150. The results are shown at normalized time tS.
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Fig. 8. Computed temporal variations of the normalized total depth of granular mass at different normalized locations along the slope for the cases a) T16-A50, and
b) T22-A70.

Fig. 9. Computed temporal variations in the normalized depth of deposited mass at different normalized locations along the slope for the cases a) T16-A50, b) T16A120, c) T22-A70, and d) T22-A120.

22o (T22-A35, T22-A150). The results are shown with dimensionless
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
time tS = t/tC , where tC = H0 /gcosθ is the characteristic time scale of
flow. The results show the entire evolution of the F/D interface until the
flow comes to rest and smaller time increments are shown. The velocity
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
of the flow is calculated asv = u2x + u2y .

are used to track the evolution of the F/D interface and the deposition
process is investigated. The evolution of the F/D interface for slope
angles of θ = 10o , θ = 16o , and θ = 22o is shown in the Appendix.
Fig. 7 shows the evolution of the F/D interface for typical cases with
θ = 10o (T10-A35, T10-A120), θ = 16o (T16-A35, T16-A120), and θ =
9
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appears to be a reasonable one.
The temporal variations in the normalized depth of deposited mass
hD /H0 at different locations along the slope for the cases T16-A50, T16A120, T22-A70 and T22-A120 are shown in Fig. 9.
The trend lines have a correlation coefficient R2 > 0.95 and the slope

Table 3
Calculated normalized critical times for onset of deposition at different locations
along the slope for the cases with θ = 16o andθ = 22o .
Normalized critical time,(tS )C
Case

[xM ] = 0.2

[xM ] = 0.4

[xM ] = 0.6

[xM ] = 0.8

T16-A35
T16-A50
T16-A100
T16-A120
T22-A35
T22-A50
T22-A70
T22-A100
T22-A120
T22-A150

5.34
4.90
4.02
3.67
9.29
8.82
7.90
7.86
6.89
5.37

5.92
5.68
5.35
4.89
10.37
9.68
8.83
8.90
8.25
8.15

6.79
6.60
6.24
6.14
11.80
10.63
9.95
9.76
9.67
9.17

7.31
6.99
6.62
6.58
12.14
11.87
11.04
10.58
10.80
9.94

of each line shows the normalized deposition rate (SD )S =
[√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅]
1/gH0 cosθ dhD /dt at the corresponding location inside the granular
mass. The data on the horizontal axis (hD = 0) shows the normalized
critical time (tS )C at which the deposition starts and the F/D interface
can be detected in the corresponding location. For instance, in [xM ] =
0.2 deposition starts at (tS )C = 3.67 and (tS )C = 6.89 for the cases T16A120 and T22-A120, respectively. After the normalized critical time, the
F/D interface migrates towards the front of flow (Fig. 7) and deposition
occurs at the downstream positions along the slope. Each normalized
critical time corresponds to a critical value of the momentum of the flow
in which the deposition process starts. In Section 4.2.2, the computed
values of the critical momentum are obtained and used to quantify the
deposition rate and close the depth-averaged Eqns. (10) and (11).
Different slopes of the trend lines show that the velocity of F/D
interface in the flow-normal direction (i.e., deposition rate) is not con
stant along the flow length. It can be inferred that by increasing the slope
angle, deposition occurs later compared to the cases with shallower
slopes. Furthermore, deposition rate is inversely related to the slope
angle, so by increasing the slope angle, the value of deposition rate
decreases. This observed phenomena is consistent with the experimental
results reported in the literature (Lube et al. 2011). Another point is that,
for the same slope angle, by increasing a, the normalized critical time at
the same normalized locations along the slope decreases and deposition
occurs earlier compared to smaller values of a. With larger initial aspect
ratios, the initial potential energy, and so the momentum along the flownormal direction, increases (free-fall behavior (Lube et al. 2005)).
Therefore, by increasing a, most of the motion duration occurs in flownormal direction and deposition occurs at a smaller value of normalized
time compared to cases with smaller initial aspect ratios.
The calculated normalized critical times for the onset of deposition at
four different locations along the slope for the simulation cases in
Table 1 are summarized in Table 3.
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Fig. 10 shows the normalized velocity profiles (ux / gH0 cosθ) in the
normalized flow-normal direction (y/H0 ) for the cases T16-A50 and
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
T22-A70. gH0 cosθ is a characteristic velocity. The results are shown at
locations of [xM ] = 0.2 and 0.4 along the slope.
The non-zero values of the velocity at the base of flow are due to the
slip velocity applied on the SPH particles close to the basal boundary
(Nikooei and Manzari 2020). With increasing time, the velocity at the
lower parts of the granular mass (y/H0 < 0.1) tend to decrease more
compared to the higher parts due to the larger shear stress at the base of
flow. At times larger than the critical value (i.e., tS > (tS )C in Table 3),
the velocity at the lower parts of granular mass become smaller than the
threshold value of 0.1 m/s (see Section 2.2) and deposition starts (the
highlighted region). For instance, for case T22-A70 at location [xM ] =
0.2 when tS = 9 (which is larger than (tS )C = 7.90 mentioned in
Table 3), the lower part of the velocity profile is in deposition region. In
other words, the F/D interface has passed from [xM ] = 0.2 at (tS )C = 7.90
and the lower part of granular mass is in a deposition regime. During
deposition, although the velocity of the granular mass at the lower parts
reaches zero, the particles near the free surface move with a non-zero
velocity (refer to the profiles at the last time steps in the shaded region).

At the initial stages of the collapse, the F/D interface separates the
granular mass into flowing and deposited regions. Formation of this
initially deposited region governs the initial effective depth and mo
mentum of flowing mass. For small initial aspect ratio, the deposited
region resembles a trapezoid, while it has a wedge-like shape for cases
with large initial aspect ratio. These two different shapes of the initial
deposited mass affects onset of deposition as will be discussed later. For
the case with a = 0.35 andθ = 10o , the flow comes to rest at tS = 5.5.
For tS = 5, the F/D interface moves towards the free surface and two
separated flowing regions develop, one at the middle of the main body
and near the free surface, and the other at the front of flow (inset of
Fig. 7-a). A similar behavior of the F/D interface has been observed for
spreading of the granular mass over shallow and horizontal inclination
angles (Crosta et al. 2009). The flowing mass at the middle of the main
body does not affect the runout of the flow, it merely changes the final
deposited profile of the granular mass. The two distinct flowing masses
eventually come to a rest at around tS = 5.5. Evidently, this irregular
type of evolution of the F/D interface makes it difficult to give a
mathematical and practical description of the deposition rate within a
depth-averaged context. For the case with a = 1.2 and θ = 10o , and also
for cases with θ > 10o , the initial potential energy and consequently the
velocity of flow increases and the behavior of the F/D interface changes.
More specifically, the interface divides the granular mass into deposited
rear region and flowing frontal part that governs the runout. For such
types of flow, the F/D interface moves toward the front of flow and the
granular mass eventually comes to rest at times of tS = 8.5 and tS = 13.5
for θ = 16o and θ = 22o , respectively.
The inclined configuration of F/D interface (inset of Fig. 7-b) and the
observed distinct flowing and deposited layers highlight the limitations
of conventional DA models in simulating the physics of deposition. It can
be inferred that the difference in the type of evolution of the F/D
interface depends on both the initial aspect ratio a and slope angle. The
separated parts of the granular mass (i.e., flow and deposited) for the
case with a = 1.2 and θ = 10o , and also for cases with θ > 10o , makes it
possible to describe the evolution of the F/D interface mathematically
and quantify the DA deposition rate in space and time (to be discussed).
Fig. 8 shows the temporal variations of the normalized total depth of
granular mass hT /H0 for the cases T16-A50, and T22-A70 at different
locations along the slope.
At [xM ] = 0.0, the depth of granular mass initially equals to H0 . As
the front of flow propagates down the slope, the total depth increases at
first and then decreases to a relatively constant value when dhT /dt ≈ 0.
For the case with a = 0.5 and θ = 16o , the computed values of hT /H0 at
tS > 6 at different normalized positions along the slope range from 0.14
to 0.45. However, for the case with a = 0.7 and θ = 22o , the values of
hT /H0 for tS > 9 range from 0.14 to 0.25. In the other words, by
increasing the slope angle, the flow becomes thinner (i.e., shallow flow
with hT /x∞ << 1) and the variation in the total flow depth at distances
along the slope is smaller (Fig. 7). Therefore, for flows over slope angles
θ > 10o , the assumption that SD = − dhD /dt = dh/dt made in Section 2.2

4.2.2. Critical depth-averaged momentum
In this section, a critical value for the momentum of the flow is found
based on the calculated critical time for the onset of deposition. More
over, the parameter α in the DA deposition model (Section 2.2) is
quantified. The initial momentum of the flow depends on the geometry
of the granular column. The inclination of the failure plane in a granular
10

M. Nikooei and C.E. Choi

Computers and Geotechnics 148 (2022) 104792

√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Fig. 10. Computed profile of normalized velocity in flow direction ux / gH0 cosθ along the normalized flow-normal direction y/H0 during the time. The results are
shown for cases a, b) T16-A50 and c, d) T22-A70 at two locations along the slope [xM ] = 0.2 and [xM ] = 0.4.

Fig. 11. Computed normalized DA momentum at different locations along the slope for cases a) T16-A50 and b) T22-A70. Different stages of deceleration process are
also shown for[xM ] = 0.2. The circles show the normalized critical DA momentums at the corresponding normalized critical times.

mass can be obtained using Rankine’s theory, (i.e., θF = π/4 + ϕI /2)
(Rankine 1857). For instance, for ϕI = 25.5o , the inclination of the
failure plane computed using 2D non-DA SPH simulations is 55.8o and is
in good agreement with that calculated using Rankine’s theory θF =
57.75o . So, the initial amount of flowing mass and its associated mo
mentum can be modeled properly.
The initial aspect ratio strongly influences the DA momentum and
the onset of deposition. To generalize the results, the momentum of the
flow is normalized by an approximate average of the initial momentum
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
of the flow i.e.,p0 = H0 gH0 cosθ. In 2D, p0 is the product of M0 per
density and initial length (i.e. H0 = M0 /(ρL0 )) and the characteristic
velocity.

Fig. 11 shows the temporal variations in the normalized DA mo
mentum of the flow hu/p0 for the cases T16-A50 and T22-A70 at
different locations along the slope.
Different stages of the deceleration process are shown for [xM ] = 0.2.
For instance, for the case T22-A70 at around tS = 1.2, the front of flow
reaches the location [xM ] = 0.2 and the normalized DA momentum in
creases. After that, the flow decelerates due to the internal and basal
friction forces (i.e., d(hu)/dt < 0). When the normalized DA momentum
becomes smaller than a normalized critical DA momentum (hu)C /p0 at
the corresponding normalized critical time (tS )C (the circle symbols), the
F/D interface reaches the monitoring section at the location [xM ] = 0.2
and the onset of deposition occurs (Fig. 9). After finding (tS )C , as
11
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Fig. 12. Computed values of the normalized critical DA momentum versus the normalized distance along the slope for different values of initial aspect ratio. The
results are shown for the cases with a) θ = 16o and b) θ = 22o .

⎧
⎪
⎨

α=0

if

hu > (hu)c

.
d(hu)
(hu)c − hu
⎪
<0
if hu < (hu)c &
⎩α =
dt
(hu)c

(34)

This equation returns a value of α for the calculation of the deposi
tion rate in Eq. (14). The critical DA momentum depends on different
parameters, including the initial momentum of the flow, the internal and
basal frictions, the slope angle, and the distance traveled by the flow. In
this study we incorporate the effects of deposition into the depthaveraged context and the influences of two controlling parameters a
and θ on the deposition process are evaluated. The normalized form of
relation between (hu)C /p0 and the variables a and θ at each normalized
location along the slope [x] = (x − L0 )/(x∞ − L0 ) can be written as
follows:
(hu)C
= F(a, θ, [x]).
p0

Fig. 12 shows the calculated values of (hu)C /p0 versus [x] for the cases
with θ = 16o and θ = 22o . The results are shown for different initial
aspect ratios. Each trend line is shown and has approximately a corre
lation coefficient of R2 = 0.99. Fig. 13 shows the calculated values of
parameters A and B from Fig. 12 for different initial aspect ratios for
slope angles of 16◦ and 22◦ .
From the results of the 2D non-DA SPH model, the generalized
relation for the normalized critical DA momentum can be given as fol
lows:

Fig. 13. The parameters of A and B for the critical DA momentum equation
calculated for different initial aspect ratios and slope angles.
Table 4
Effects of normalized location along the slope, initial aspect ratio and slope angle
on the normalized deposition parameters (critical time, critical DA momentum
and deposition rate).
Parameter change

Critical time

Critical DA momentum

Deposition rate

Increase in [x]
Increase in θ
Increase in a

Increase
Increase
Decrease

Decrease
Decrease
Decrease

–
Decrease
–

(35)

(hu)C
= A[x] + B.
p0

(36)

where A < 0 and B > 0 and these parameters depend on a and θ. This
generalized relation for critical DA momentum is applicable for cases
under simplifying assumptions made in this paper (i.e., dense and dry
granular flows, and flow over rigid beds with steep slopes).
For each value of the initial aspect ratio, the normalized critical DA
momentum decreases linearly with downslope position. Therefore, it
can be inferred that deposition occurs at smaller values of DA mo
mentum at more distal locations from the initial granular mass. This
result is due to this fact that, although the velocity of flow is larger at
distal locations, smaller depth of flow at these locations leads to a
smaller value of DA momentum compared to the proximal locations
(Fig. 11). By increasing of a and θ (increasing the initial velocity), the
values of A and B and equivalently the value of (hu)C /p0 decrease. When
the initial velocity of flow increases, the flow has larger value of initial
momentum and consequently, the values of (hu)C /p0 and B (the inter
cept of linear function of (hu)C /p0 ) decrease compared to the smaller

explained in Section 4.2.1, the value of (hu)C /p0 can be calculated
(Fig. 11) at different locations along the slope.
For values of hu > (hu)C , the momentum of flow is large and depo
sition does not occur. Therefore, by setting a zero value for the coeffi
cient α in Eq. (14), the deposition rate will be computed as zero.
However, for values of hu < (hu)C , the momentum of the flow is small
and the internal and basal resistance forces induce deposition. So, the
coefficient α can be defined as a function that depends on the DA mo
mentum, which plays a crucial role in the deposition process at different
locations along the path. For simplicity, a linear relation for α as a
function of hu is assumed as follows:
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Fig. 14. Algorithm for calculation of the deposition rate as a source term in the main DA SPH code.
Table 5
Simulation cases for studying the effects of deposition on runout of 1D flow (θ =
22o ). The internal and basal friction angles are ϕI = ϕB = 25.5o .
Case ID

a

L0 (m)

H0 (m)

A

1D-A30
1D-A45
1D-A70
1D-A124

0.3
0.45
0.7
1.24

0.300
0.250
0.200
0.150

0.090
0.113
0.140
0.186

−
−
−
−

B
0.0541
0.0455
0.0313
0.0240

0.0814
0.0594
0.0402
0.0270

values of a andθ. In addition, as the velocity of flow increases, the flow
becomes shallower and variations in the depth of flow along the slope
decrease (compare Fig. 7-d and Fig. 7-e). Therefore, since the DA mo
mentum depends on the flow depth, by increasing of a and θ, the de
pendency of DA momentum on the distance along the slope (the
coefficient A) decreases. Consequently, in practical DA models for haz
ard assessment, the assumption of a constant value for A for cases with
large values of initial aspect ratio and slope angle appear to be a
reasonable one.
Finally, the effects of the variations in parameters [x], a and θ on the
normalized deposition parameters (critical time, critical DA momentum
and deposition rate) are summarized in Table 4. A systematic relation
ship between the effects of [x] and a on the deposition rate is not found.
The main output of the 2D non-DA SPH model is the generalized
relationship for the critical DA momentum and α at different location of
a flow. Fig. 14 shows the algorithm for calculating of the deposition rate
SD based on the generalized relationships, which will is added to the
main algorithm of DA SPH model (Fig. 4).
To calculate the DA deposition rate, the parameters A and B need to
be determined based on the initial aspect ratio and slope of the simu
lation (Fig. 13). After that, the critical DA momentum at the onset of
deposition at different locations is calculated using generalized Eq. (36)
at each time step. By comparing the value of DA momentum for each

Fig. 15. Comparison of the normalized runout for different values of initial
aspect ratio among the computed (DA SPH models with and without deposi
tion) results and measured data (Farin et al. 2014). Normalized flow time tF is
shown for a = 1.24.

SPH particle with the critical DA momentum at the corresponding
location, the parameter α is calculated using Eq. (34). Finally, the
deposition rate (Eq. (14)) will close the depth-averaged form of Eqns.
(10) and (11).
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Fig. 16. Comparison of the a) normalized final runout and b) normalized flow time among the computed (DA SPH models with and without deposition) results and
measured data (Farin et al. 2014). The relative error ((computed-measured)/measured × 100%) is shown for both the DA models.

Fig. 17. Computed profiles of total depth hT and deposited mass hD (F/D interface) for different simulation cases using 1D SPH model. The results for each case are
shown for two different times (θ = 22o ).

4.3. Evaluation of DA simulation results

flow using the DA SPH model and measured data reported by (Farin
et al. 2014). The numerical results are shown for the DA models with and
without considering the effects of deposition. The runout of the flow in
the one-dimensional DA model (Fig. 3) is normalized by the initial
length i.e.,xR /L0 . The vertical lines on the curves for a = 1.24 show the
normalized flow time tF of the flow (i.e., the time when the flow comes to
rest).
Fig. 16 shows the computed and measured data for the normalized
final runout x∞
R /L0 and normalized flow time. The error percentage
relative to the measured data ((computed-measured)/measured ×
100%) is shown for both the DA models with and without the effects of
deposition.
The results show that the DA model without deposition predicts the
final runout and flow time with maximum errors of 55% for a = 0.7 and
107% for a = 1.24, respectively. This discrepancy could be due to fact

(Farin et al. 2014) conducted experiments on the collapse of columns
with different initial aspect ratios of 0.3, 0.45, 0.7, and 1.24 over an
inclined plane with a slope angle of 22◦ . Here, these cases are simulated
using the DA models with and without considering the effects of depo
sition. To model the effects of deposition using the new DA model, pa
rameters A and B need to be firstly defined. For instance, for an initial
aspect ratio of 0.3, the initial depth and momentum are H0 = 0.09 m and
p0 = 0.0814 m2 /s, respectively. The coefficients are A = − 0.0541 and
B = 0.0814 (Fig. 13). The values of coefficients A and B obtained from
the results of 2D non-DA SPH model (Fig. 12) are shown in this Table 5.
The internal and basal friction angles are ϕI = ϕB = 25.5o .
Fig. 15 shows a comparison of the computed normalized runout of
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that the DA model without the effects of deposition do not explicitly
consider the stopping of the flow due to the evolution of the F/D
interface.
By incorporating the deposition model, the final runout and flow
time are reconstructed and predicted with maximum errors of 17% for a
= 0.45 and 69% for a = 1.24, respectively. Therefore, the DA model with
the effects of deposition improves the estimation of runout and flow time
by 38% compared to the DA model without the effects of deposition. For
cases with a = 0.3 and a = 0.45, the DA model underestimates the flow
time, which is due to the disability of this model to capture the slow
propagation phase that extends the duration of flow (Farin et al. 2014).
However, the new DA model can predict the final value of runout with a
reasonable accuracy.
Overestimation of the runout by DA model mainly occurs during the
final stages of the flow (deceleration regime), which shows the impor
tance of modelling the effects of the deposition during deceleration.
From the comparison of the results of the DA models with and without
the effects of deposition, it can be inferred that by considering the effects
of deposition, the runout of the flow does not change in the acceleration
phase (initial stage) and will be reproduced during deceleration stage.
Although the improvements made in numerical simulation by the
deposition effects, there remain challenges that need to be addressed:

5. Conclusions
A novel framework to model the deposition of granular flows using a
depth-averaged approach is proposed. A new deposition model that
considers the initial aspect ratio and slope angle was developed based on
a high-fidelity 2D non-DA SPH solver. The deposition model is then
implemented in a DA model and evaluated using experimental results
published in the literature. Conclusions of this study can be drawn as
follows:
1) For the first time, the effects of the evolution of F/D interface is
introduced into the deposition process of a one-dimensional granular
flow in depth-averaged context using a high-fidelity 2D non-DA SPH
method. This can be regarded as a new paradigm of development for
the future incorporation of deposition and erosion in the depthaveraged context. By capturing the internal dynamics of granular
mass using higher order numerical models, physical-based deposi
tion/erosion models can be adopted instead of the purely empirical
ones in DA framework. The physical-based models can reveal the
evolution of internal F/D interface and improve the realistic pre
diction of runout and deposited volume of flow.
2) Existing depth-averaged models overestimate the runout and flow
time. It is shown that by considering the effects of deposition, the DA
model improves the estimation of the runout and flow time by up to
38%, compared to the DA model without deposition. Although the
newly-developed DA model improves the runout and flow time
prediction, the details of the collapse process, such as the initial flownormal motion and the incomplete failure of granular mass based on
Rankine’s theory are overlooked. Incorporation of these details as
well as the effects of deposition into the conventional DA models can
improve their applicability for hazard assessment of flow type
landslides.
3) Deposition is responsible for decaying the flow momentum from the
critical DA momentum. This critical value determines the threshold
for the onset of deposition at each location of the granular mass. The
critical DA momentum is found to be a linear function of the flow
length and its parameters are assumed to depend on the initial aspect
ratio and slope angle. The relationship may be leveraged for the
future development of more sophisticated relationships for model
ling the effects of erosion and deposition in the DA framework.

• The overestimation of the results by DA models with and without the
consideration of the effects of deposition is caused by simplifications
made during the initial motion of the granular mass in the flownormal direction (i.e., free-fall phase) and partial failure of gran
ular mass that affects the momentum of the flow and the subsequent
deposition process (Fig. 7). Therefore, capturing the realistic physics
during the initial failure and motion of granular mass can improve
predictions.
• The initial aspect ratio and the slope angle are considered as the two
main controlling parameters on the critical DA momentum of flow
and deposition. However, the internal friction angle also governs the
deposition rate and the momentum change of the flow as was shown
in Fig. 1. We adopt a constant value for internal and basal friction
angles, which are simplifications of what happens in reality. Study
ing the effects of variations of these parameters on the results re
mains an open question for further research.
In this study, for the first time, the effects of the evolution of the F/D
interface is incorporated into the deposition process of a granular flow in
depth-averaged context. Fig. 17 shows the total depth and F/D interface
for cases in Table 5 at two different times.
As the collapse progresses, the F/D interface moves towards the front
of flow before the granular material comes to rest. When the F/D
interface intersects the free surface of the flow, the granular mass
beneath it deposits and comes to rest. The effective depth of flowing
mass at each location is a critical input for the DA governing Eqns. (10)
and (11). In DA models without considering the effects of deposition, the
total depth is used to compute the momentum of the flow. Since the total
depth is larger than the effective depth of flow (hT > h), DA models that
do not consider the effects of deposition tend to overestimates the mo
mentum. In the DA model that considers the effects of deposition, the
effective depth of flow is smaller than the total depth and the upper
portion of the total mass contributes into the governing equations. This
effective depth of flow plays an important role in the decay of the flow
momentum to reduce the runout (Fig. 15).
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Appendix
To study the effects of the width of monitoring section on the results of 2D non-DA SPH model (see Section 3), four different values of WM = Δx,
2Δx, 3Δx, 4Δx are considered and the normalized values of DA momentum at different locations along the slope are shown in Fig. A.1. The initial
particle spacing in the 2D non-DA SPH model is Δx = 0.004 m. For the case with WM = Δx, the DA momentum cannot be computed accurately because
the monitoring section is too narrow and no meaningful average can be obtained. The results are shown for the case with a = 0.7 and θ = 22o and
during deceleration stage (i.e., d(hu)/dt < 0).
The root mean square (RMS) of deviation of the computed results for cases with WM = 3Δx and 4Δx relative to the case with WM = 2Δx (i.
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
)2
∑ (
M =2Δx
) is calculated and shown in Fig. A.2. Where n refers to the number of data points at each case. The
e.,RMS = 1n nK=0 [hu/p0 ]K − [hu/p0 ]W
K
results are shown for θ = 22o .
The results show that the deviation of the results for WM = 4Δx is larger than WM = 3Δx. However, the RMS values smaller than 0.03 show that
increasing the width of monitoring section larger than 2Δx does not have significant effects on of the averaging of h and u for SPH particles at each
location. As it is shown in Fig. A.1, the DA momentum does not change by increasing WM especially at final times for each location. It should be noted
that by decreasing the time step, the DA momentum of particles for cases with WM = Δx can be captured, however, the computational cost increases.
Therefore, to obtain a reasonable resolution and to reduce the computational cost, WM = 2Δx is selected for rest of calculations as was discussed in
Section 4.2.1.
Fig. A.3 shows the evolution of the F/D interface for cases listed in Table 1.

Fig. A1. Computed temporal variations in normalized DA momentum at different locations along the slope for case with a = 0.7 andθ = 22o . Different values of
width of monitoring section are considered to study its effects on the results.

Fig. A2. Calculated RMS of deviation of normalized DA momentum relative to the case with WM = 2Δx at different locations along the slope (θ = 22o ). Different
values of width of monitoring section are considered to study its effects on the results.
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Fig. A3. Temporal evolution of the profiles of the F/D interface (dashed line) for different cases. The results are shown at normalized time tS.
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